Trigonometry - Functions and Graphs Lesson #8:
Transformations of Trigonometric Functions - Part Two

In this lesson we will consider the graphs of the functions whose equations are
y=asinb(x-c)]+d and y=acos[b(x-c)]+d
and relate them to the graphs of the functions whose equations are y = sin x and y = cos x.

In the first part of the lesson we concentrate on the effects of the parameters ¢ and d.

Class Ex. #1 a) Describe how the graph of the given function compares to the graph of y = sin x,
where x is in degrees.

i) y=sin(x - 30°) Aor- ‘/7’(0'3. ?0 j
i) yesinx+2  Yeph s Zuvaite

iii = sin (x + 60°) - 6 / P
v o A’&J-‘I.m. Iou,,./- Adown

iv) y-45=sin (x - 45°) ‘\0'7"‘01 4{’ fl’L‘/‘ /

Vv; ‘A‘lf «g Uﬂl‘b

In trigonometry
* a horizontal translation is called a horizontal phase shift, and,
e a vertical translation is called a vertical displacement.

ClassEx.#2 | Complete the table to describe how the graph of the given function compares to the graph of
y = sin x where x is in radians. Use a graphing calculator if necessary. 0(
Equation Horizontal Phase Shift | Vertical Displacement

y = sin x [0 O
) | Tndaeegt| O
y=sinx+5 0 Sy .
y+:r=sin(x+32ﬂ) ?,Z(mb leFf | T uats dovn.
y=sin(x-c)+d C varks /&#@Hr a[w}/: u[/;b_.:v»p

y=asin[b(x-c)]+d \ o«

&8

y=sin(x—

Would you expect similar effects on the graph'of y = a cos[b(x = ¢)] + d?
Investigate if necessary.
Yes.

Copyright © by Absolute Value Publications. This book is NOT covered by the Cancopy agreement.
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Effects of canddiny =asin [b(x —c)]+dand y=a cos [b(x - c)] + d

Changing the parameter “c”’ on the graphs of
y=asin[b(x-c)]+dand y=acos [b(x - )] +d
results in a horizontal phase shift with the following:

* a horizontal phase shift to the right if ¢ >0
* a horizontal phase shift to the left if ¢ <0

Changing the parameter “d” on the graphs of
y=asin[b(x-c)]+dandy=acos[b(x-c)]|+d
results in a vertical displacement with the following:

* avertical displacement up if d>0
* a vertical displacement down if d <0

Max + Min

£ @ The vertical displacement is determined from a graph using the formula d = 5

Summary of the Effects of the Parameters a, b, c, and d

For y=asin[b(x-c)]+d Fory=atan[b(x-c)]+d
y=acos[b(x-c)|+d

b2 /amplitude = \ /amplitude - not applicable \
360°

iod a value represents a vertical stretch
period =
2]

(for degree measure) of factor lal
b= 27 jod = =" (for radi
= r period = |b | (for radian measure) period =

o

2]

. T .
period = —— (for radian measure)

(for degree measure)

horizontal phase shift = ¢

e to the right if ¢ >0 |b|
e to the leftif c <0
horizontal phase shift = ¢
% | vertical displacement = d * to the right if ¢ >0
cupifd>0 * to the left if c <0
edownifd <0 vertical displacement = d
.d=Max+ n eupifd>0

N\ 2 - \-downifd<0 .
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Class Ex.#3 | Consider equations of the form y = a sin[b(x — ¢)] + d and y = a cos[b(x - ¢)] + d,
where a = 1, and b = 1. Write the equation which represents

a) acosine function having a horizontal phase shift of 75° right XK= X- ;S o

—_ . (]
g = (oS 6( -75 )
b) a sine function having a horizontal phase shift of ?ﬂ radians left, X—2 X +4 37
and a vertical dlsplacement 4 units u
a. - = Sia (&4-%1) Jaé‘-‘f
3
=S (xs g\ + Y

classEx.#4 || Find the amplitude, period, horizontal phase shift, and vertical displacement of the graphs of
the following functions defined on x € R.

2 1
a) y=2sin3(x+m) -4 b) y=—cos( n)+3

3 4 12
=21 = / =
t .;, D 4? % =2 Per.odl 2(’/1. $T

c= T = phueshb = Tudus bl P““’Sﬁ"{: P
d=-4 - /r't,/aw/)-/— Yty /0.44 ',}04 3uats -

classEx.#5 || Find the amplitude, period, horizontal phase shift, and vertical displacement of the graphs of
the following functions defined on x € R.

Y —zsnéfi“&-l-%
= '
A:P: %ﬂ/g ;’;P
PL-.SL' = T puds leff ph ¥ = ff bor, rg
A 5P alow\ ‘Iumk 0‘ .ﬂ ./«"a f

b) y=—cos(2x—12r) + 7T

g = -los Z(x-;)@

¢) Compare the answer to Class Ex. #4a and Class Ex. #5a.

Complete Assignment Questions #1 - #2
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a) Write the equation of the graph

A

Class Ex.#6 | The graphs from a) - d) represent the same trigonometric function.

in the form y=a sin (x - ¢)

if a > 0 and there is a minimum

possible horizontal phase shift.

-

B

= %‘?ﬁlﬂ%f‘

R NP

—
-
—
-
-—
-

NN"":

/;J =Y s'A (X— Ia)

b) Write the equation of the graph
in the form y =a sin (x - ¢)

N
—
-

if a < 0 and there is a minimum

possible horizontal phase shift.

e ‘I,l.#«/e#

= ‘4 zv
_ - . K-l-
= J — S'd

= 0 c) Write the equation of the graph
in the form y =a cos (x c)

if a > 0 and there is a minimum

possible horizontal phase shift.

S

NGWIKSY

_ 5

=4
b= )?"fa)((x-?)
q
C =7 -
d-=0
d) Write the equation of the graph
in the form y=a cos (x - ¢)

if a < 0 and there is a minimum

possible horizontal phase shift.

NGWIKSY

N\

o/

- J = —Ycos (K“'I)

¢
phasesh-
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ClassEx.#7 || Consider the graph shown. YA
a) If the graph represents a sine
function where a > 0, complete 1
the table and write the equation
represented by the graph. \\ / \\ / \
- 4
. =3 =2 -1 Y 2 3 4 Sn
a - 3 Amplitude g \ \
- \ ] \
27 _ L . \ N | \ /
b=2 <% [ | 47 ES iSRS
_ T Min. Horizontal | <§ ‘ “ -
c~= )§ Phase Shift | @ nds \\ / \\ II
=~ Vertical \ 153 \ 1
A Z Displacement 'lozw ’ﬁ I [
\\ // T \\ //
4
J = gSm Lé‘*?)’l >y

S'(ab

x Write the equation if the graph in a) represents a sine function where a < 0.

¢) If the graph represents a cosine VA
function where a > 0, complete
the table and write the equation
represented by the graph. 1 h—
\ 1N\ 1N\
= Amplitud \ AL [N
a_ 3 mplitude 2 _? \ N _I T [ > 3 4;[ ng
b - % = ‘Ly Period 4” \\ i \\ I
=2 Min. Horizontal | Z . \ [ \ )
C ‘_?I Phase Shift r ""L — 5 — 0(:.2
- Vertical ovin \ / \ /
A - = Z Displacement JAf \ /__3 \ II
\ [ \ [
\ 4 \
J 3 CoS 3 ( K-3)- , i)

—_—

rite the equation if the graph 1 1 c) repiesents a ¢ ction where a < 0.

"3(08 x+%q)-2
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Class Ex.#8 | Consider the graphs of the functions y = a sin [b(x = ¢)] + d and y = a cos [b(x — ¢)] + d.

a) Changing which of the parameters a, b, c and d affect the
i) domain? ii) range? iii) amplitude? iv) period? v) zeros?
Nene e, d o b g) <, d
| N - a £ A#o
b) State the maximum and minimum values of the functions in terms of a, b, ¢, and d, if a > 0.

max: a+ol
min: —otol

¢) Determine the range of the function y = 3 sin 2(x - 71) — 4. a= 3 d = —4(

l€gdl 5 -3€4€3 > 3¢, <)
defastt- el '
Complete Assignment QuestionS #3 - #12 ‘;f ‘

Assignment #/-)2

1. Determine the amplitude, period; sand the vertical displacement for
each function.

4 1 4 1 1
a) y=cos(x—4)+3 b)y=3cos2(x—2) c) y=3cos§x—§
. 1 (1
d)y=s1n(4x—2J e) y=-2cos3(x-45°)+4 f) y=7s1n(4x+20°)—1
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